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In this paper, two levels of theory are developed to determine the role of scattering resonances in the
process of ozone formation. At the lower theory level, we compute resonance lifetimes in the simplest
possible way, by neglecting all couplings between the diabatic vibrational channels in the problem.
This permits to determine the effect of “shape” resonances, trapped behind the centrifugal barrier
and populated by quantum tunneling. At the next level of theory, we include couplings between the
vibrational channels, which permits to determine the role of Feshbach resonances and interaction of
different reaction pathways on the global PES of ozone. Pure shape resonances are found to contribute
little to the overall recombination process since they occur rather infrequently in the spectrum, in
the vicinity of the top of the centrifugal barrier only. Moreover, the associated isotope effects are
found to disagree with experimental data. By contrast, Feshbach-type resonances are found to make
dominant contribution to the process. They occur in a broader range of spectrum, and their density of
states is much higher. The properties of Feshbach resonances are studied in detail. They explain the
isotopic ζ-effect, giving theoretical prediction in good agreement with experiments for both singly and
doubly substituted ozone molecules. Importantly, Feshbach resonances also contribute to the isotopic
η-effect, moving theoretical predictions in the right direction. Some differences with experimental
data remain, which indicates that there may be another additional source of the η-effect. Published
by AIP Publishing. https://doi.org/10.1063/1.5042590
I. INTRODUCTION
The recombination reaction that forms ozone exhibits
anomalously large variations of rate coefficient, due to iso-
topic substitutions, which can be characterized by introducing
two parameters for two distinct isotope effects: ζ-effect and
η-effect. Namely, for the singly substituted isotopomer of
ozone,
ζ =
kA
KexkB
, (1)
η =
kA + KexkB
2kS
, (2)
where kA, kB, and kS are the third-order rate coefficients for
three possible reaction pathways: A, B, and S.1 According to
the convention introduced earlier, A and B are the two dis-
tinct formation pathways of an asymmetric isotopologue of
ozone
16O + 16O18O A−−−→ 16O16O18O B←−−− 16O16O + 18O,
whereas the S corresponds to the formation of the symmetric
isotopologue of ozone
16O + 18O16O S−−−→ 16O18O16O S←−−− 16O18O + 16O.
a)Present address: Theoretical Division (T-1, MS B221), Los Alamos National
Laboratory, Los Alamos, New Mexico 87545, USA.
b)Author to whom correspondence should be addressed: dmitri.babikov@
mu.edu
Kex ≈ 1/2 in Eqs. (1) and (2) is an equilibrium constant
for fast exchange of isotopes between the two channels: 16O
+ 16O18O↔ 16O16O + 18O. Experimental data2 indicate that
the formation of asymmetric ozone proceeds faster through
the deeper channel of pathway A compared to the shallower
channel of pathway B, by 55%, and that, on average, these
two pathways are faster than the reaction S, by 16%. Thus,
for singly substituted ozone in the experiment, ζexp = 1.55
and ηexp = 1.16. Similarly, for the formation of the doubly
substituted isotopomer of ozone, the reaction pathways are
18O + 18O16O A−−−→ 18O18O16O B←−−− 18O18O + 16O,
18O + 16O18O S−−−→ 18O16O18O S←−−− 18O16O + 18O,
where the reaction channel of the pathway B is deeper, the
corresponding rate coefficient kB is larger, and Kex ≈ 2 for
the isotope exchange 16O + 18O18O ↔ 16O18O + 18O. For
convenience, the definition of the ζ-effect is reversed in this
case ζ = kB/(KexkA). An experimental value of the ζ-effect
for the doubly substituted ozone is even larger, ζexp = 1.63.
But, interestingly, the value of the η-effect is the same as in
the singly substituted ozone, within experimental accuracy
ηexp = 1.16.
These effects have never been convincingly reproduced
by first-principles calculations, although many hypotheses
have been proposed by different research groups, and several
approximate models have been developed and have already
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shed some light on the possible origin of these effects.3 It was
shown by several authors that purely classical trajectories do
not explain the anomalous large isotope effect in ozone,4–8 so
one must refer to the quantum mechanical treatment of the pro-
cess. In particular, the difference of the vibrational zero-point
energies2,9–12 and the properties of the scattering resonances
in the presence of a zero-point energy change13–16 seem to be
the key to this mystery. Stabilization of the metastable O3∗ by
bath gas holds some potential for isotopic effects too, but the
calculations of energy-transfer carried out so far are inconclu-
sive.17,18 The role of electronically non-adiabatic processes,
such as spin-orbit coupling, was suggested9 but later was ruled
out.19
Unfortunately, a rigorous quantum mechanical treatment
of the entire process of ozone formation is computation-
ally unaffordable, even if we focus on the energy-transfer
(Lindemann-Hinshelwood) mechanism of ozone formation: O
+ O2 ⇔ O*3
+M−−−−→ O3, neglecting other mechanisms, such as
the chaperon mechanism important at lower temperatures20 or
the direct three-body process important at higher pressures.21
The “dream” calculation would require an accurate variational
description of all vibrational states of ozone, both the bound
O3 states below dissociation threshold and the scattering reso-
nances O3∗ above it, in a broad range of rotational excitations
that correspond to room temperature and taking into account all
terms of the Hamiltonian operator, including the Coriolis cou-
plings. For scattering resonances O3∗, one needs an accurate
quantum description of their formation from and spontaneous
decay to O + O2, but also the inelastic scattering calculations of
their quenching onto the stable O3 states and, desirably, their
collision-induced dissociation by third-body collisions. All
relevant isotopic formation pathways of several isotopologues
of ozone should be treated on equal footing, to avoid any bias.
The potential energy surface of the adiabatic ground electronic
state is sufficient for this problem, but a switch of the electronic
state character from being symmetric X1A1 in the covalent
well region, where ozone is formed, to being anti-symmetric
in the O2(3Σ−g ) + O(3P) asymptote (the geometric phase
effect) should be incorporated into the treatment of vibrational
states, for example, using the non-Born-Oppenheimer gauge
theory.22,23
In practice, it is impossible to carry out all these cal-
culations since the PES of ozone is deep and the oxygen
nuclei are all heavy, which results in more than three hun-
dred vibrational24–26 and many rotational states in the ozone
molecule itself, but also requires an unaffordable number of
partial waves for the quantum description of scattering of a
heavy quencher M, such as Ar or N2. For this reason, many
authors employed approximations, by simplifying either the
treatment of the ozone molecule itself (e.g., by dimensional
reductions or neglecting its rotation),27,28 or the description of
the O3∗ + M collision process (e.g., by sudden approximation
or strong collision assumption),29,30 or by mixing the classical
and quantum mechanics.31,32
In this work, we still use a basic model for the stabilization
step, but to our best knowledge, we offer the most advanced
treatment of scattering resonances in ozone. We compute
energies, widths (decay/formation rates), and wave functions
of resonances using an accurate variational approach and
employing the hyper-spherical coordinates that enable rigor-
ous incorporation of symmetry and treat all pathways of ozone
formation (A, B, and S) on equal footing. Dimensional reduc-
tion is avoided, and all degrees of freedom and all vibration
modes are taken into account. The full range of hyper-angles
is used, which permits simultaneous calculations over three
ozone wells, namely, for symmetric 16O18O16O and asymmet-
ric 16O16O18O in singly substituted ozone, and for symmetric
18O16O18O and asymmetric 18O18O16O in doubly substituted
ozone. A broad range of rotational excitations is covered, up to
J = 56. Direct comparison with experimental data is carried out
using the framework developed in Ref. 49. Besides the Coriolis
coupling effect33 (that is numerically affordable to include for
the lightest molecules only) and the geometric phase effect34,35
(that is typically small at room temperature), our treatment of
scattering resonances is expected to be close to a hypothetic
exact calculation.
In our previous paper,49 we outlined a theoretical frame-
work for calculating the three rate coefficients in Eqs. (1)
and (2), based on the quantum mechanical calculations of
scattering resonances, namely,1
kA = kstabQA
∑
JΛp
(2J + 1)
2N∑
i
e−Ei/kT
ΓAi
Γi + (kstab + kdiss)[M] , (3)
kB = kstab
e−∆ZPE/kT QB
∑
JΛp
(2J + 1)
×
2N∑
i
e−Ei/kT
ΓBi
Γi + (kstab + kdiss)[M] , (4)
kS = kstabQA
∑
JΛp
(2J + 1)
N∑
i
e−Ei/kT
Γi
Γi + (kstab + kdiss)[M] . (5)
Input data for these expressions are energies Ei and widths
Γi (spontaneous decay rate coefficients) of individual reso-
nances labeled by index i, computed for the range of rotational
excitations described by quantum numbers J and Λ (ther-
mal distribution), and parity p. Differences between the two
pathways, A and B, are accounted in these equations by the
ro-vibrational zero-point energy change ∆ZPE, two partition
functions QA and QB of O + O2 reagents, and the channel-
specific decay rate coefficients ΓAi and Γ
B
i . Stabilization and
dissociation rate coefficients kstab and kdiss are taken the same
for all resonances, for transparency.
Several moieties in Eqs. (3)–(5) may, potentially, lead to
the isotope effects in Eqs. (1) and (2). The role of molecular
symmetry and the mass-effect can be determined using what
we call the zeroth and first levels of theory, respectively.49
Predictions of such approximate theoretical treatments will
be reported elsewhere. They indicate that no anomalous iso-
tope effects should come from symmetry considerations, if
all factors are taken into account properly, which is not triv-
ial, since large symmetry-related factors, such as ½ and 2,
appear in seven (!) different places in the formalism. It can
also be shown that masses of isotopic substitutions create
appreciable differences in vibrational and rotational energies,
but, interestingly, these play against each other and largely
cancel, creating only a small isotope effect, insufficient to
explain experimental observations. These relevant findings
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TABLE I. Two isotope effects in singly and doubly substituted ozone
molecules, computed at different levels of theory and measured in the
experiment.
Theory ζ -Effect η-Effect
Level Model/meaning Single Double Single Double
0th Symmetry effect only 1.00 1.00 1.00 1.00
1st Mass-effect (aka statistical) 1.13 1.13 0.95 1.04
2nd Shape resonances only 0.87 1.39 0.73 0.73
3rd Feshbach resonances enabled 1.49 1.38 1.03 1.12
Experiment2 1.55 1.63 1.16 1.16
are listed in the first two rows of Table I. Both zeroth and
first levels of theory are rather approximate, and it can be
demonstrated that the first level is equivalent to the statistical
treatment.
In this paper, we go further and take into account the
properties of quantized resonances, by computing their ener-
gies and lifetimes. In general, we distinguish two types of
scattering resonances, called “shape” resonances and Fesh-
bach resonances.36,37 Shape resonances are trapped behind
the centrifugal barrier and are populated by tunneling. Since
tunneling is a purely quantum phenomenon, not present in
the classical trajectory simulations, one may wonder whether
quantum tunneling, through shape resonances, can be respon-
sible for the anomalously large isotope effects? This question
has never been addressed in the literature and is addressed
here. The Feshbach resonances are populated by coupling
between the vibrational channels in the system, which can
also be viewed as a vibrationally non-adiabatic quantum
phenomenon.38
Thus, in this paper, we add two more levels of theory to
Table I. At the second theory level, we disregard couplings
between the diabatic vibrational channels in the problem, in
order to disable the formation of Feshbach resonances and
study the shape resonances alone. This level of theory is also
approximate, devised solely to determine the role of quantum
tunneling in the ozone formation process and in the isotope
effects. At the third level of theory, we include the couplings
between the channels and determine the role of Feshbach res-
onances. This is the most accurate theory level of this work,
which also incorporates interactions between the reaction path-
ways A and B (in the region of the deep covalent well on the
PES) and between the pathways A and S (in the entrance/exit
channels on the global PES of ozone). The goal of develop-
ing this hierarchy of theory levels is to identify the physical
origin of the unusual isotope effects seen in the experiment,
rather than just to reproduce experiment by an all-inclusive
calculation.
II. THEORY
A. Sequential diagonalization truncation
All details of our method can be found in the recently
published detailed papers.24,39 Here we recap, briefly, only
those elements of the theory that are needed to explain the
essence of new calculations.
Vibrational motion of oxygen atoms in the ozone molecule
is described using hyper-spherical coordinates ρ, θ, and ϕ.
The hyperradius ρ plays the role of the reaction coordi-
nate, while the hyper-angles θ and ϕ describe the internal
motion. The Hamiltonian operator separates accordingly,24
ˆH = ˆTρ + ˆTθϕ + V (ρ, θ, ϕ), so the calculation of vibra-
tional states can be done sequentially. First, a two-dimensional
bound-state problem is solved for the motion along θ and
ϕ to determine wave functions ψk(θ, ϕ) and energies εk
for slices of the PES, at different values of ρ. For the
slice number n, the two-dimensional Schrodinger equation
is24
ˆhnψnk (θ, ϕ) = εnkψnk (θ, ϕ), (6)
where ˆhn = ˆTθϕ + Vn(θ, ϕ) is the Hamiltonian operator for
hyper-angles, with Vn(θ, ϕ) representing a two-dimensional
slice through θ and ϕ of the potential energy surface
V (ρ, θ, ϕ) at a fixed value of ρ = ρn. Couplings between the
different values ρn of the grid are contained in the overlap
matrix24
Onmk l =
〈
ψml
ψnk 〉. (7)
These couplings are taken into account at the next step of cal-
culations, when the 2D-wave functions ψnk (θ, ϕ) at all slices
ρn are collected and used to form an efficient (locally opti-
mal) basis for the representation of the overall 3D Hamiltonian
matrix40,41
Hnmk l = O
nm
k l × Tnm + δ k l δnm εnk . (8)
Here Tnm is a matrix of the kinetic energy operator ˆTρ in
the DVR basis (discrete variable representation, which is
a grid of N points ρn). The block-structure of the Hamil-
tonian matrix Hnmk l was discussed in detail in Ref. 24. It
has the same size as Onmk l and is obtained from it by mul-
tiplying each of its ρ-blocks by the corresponding ele-
ment of the matrix Tnm and then adding to each diag-
onal element the corresponding value of two-dimensional
energy εnk .
Diagonalization of Hnmk l gives energies Ei, widths Γi (if
the complex absorbing potential, CAP, is added to the PES),39
and wave functions Ψi(ρ, θ, ϕ) of the 3D-states, and typically,
all authors proceed straight to that final step. We will, even-
tually, do that too, but before, we will also formulate and
test a useful approximation to the problem, in which some
couplings are neglected, based on the physical meaning of
the two-dimensional states ψk(θ, ϕ). These states carry use-
ful information for the interpretation of the results and for the
analysis of the isotope effects.
B. Diabatization of ro-vibrational channels
It is relatively easy to tell, just by looking at the local-
ization of wave functions ψk(θ, ϕ) near the transition state
point (ρ ≈ ρ), what reaction pathway they correspond to
A, B, or S. From there, one can move to the left (ρ < ρ)
and right (ρ > ρ) connecting the ψml (θ, ϕ) states in a
new slice with those in the previous slice ψnk (θ, ϕ) diabati-
cally, based on the magnitudes of their overlaps Onmk l . This
procedure works reasonably well for several lower diabatic
vibrational channels, where the density of states is not high.
It effectively splits these states onto three groups, those that
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FIG. 1. Energies of diabatic vibrational states computed along the reaction
coordinate ρ for the singly substituted isotopomer of ozone with typical rota-
tional excitation (J = 24,Λ = 8). Three frames correspond to three pathways of
ozone formation: A, B, and S. A connection to the asymptotic rotational states
of O2 is emphasized. Solid and dashed curves correspond to vibrational state
symmetries A1 and B1, respectively. They are nearly identical in the pathway
A and in the asymptotic region of pathway S. In the pathway B, they go to
different asymptotes.
correspond to the reaction pathways A, B, and S. Figure 1
gives diabatic curves εk(ρ) obtained in this way, for the reac-
tion pathways A, B, and S of singly substituted ozone, plotted
separately in three frames of the figure. From Fig. 1, we can
see that in the limit ρ → ∞, the diabatic curves εk(ρ) corre-
late with rotational states of O2 reagents in the corresponding
entrance channels. In the range of small ρ, they describe
vibrations in the corresponding covalent wells, where O3 is
formed.
Based on this analysis, one can propose approximation in
which the couplings (overlaps Onmk l ) between different diabatic
channels are neglected. This effectively splits the Hamiltonian
matrix of Eq. (8) onto many independent small matrixes of the
size N × N (where N is the number of grid points ρn along the
hyperradius; see above). These can be diagonalized separately
with small numerical effort. Since each such matrix includes
only one diabatic state, indexes k and l used in Eq. (8) are
not needed, and the structure of each matrix can be expressed
as
Hnm = Onm × Tnm + δnmεn. (9)
This simple formula contains, as usual, the diagonal matrix
of the potential energy operator and the full matrix of the
kinetic energy operator. Physically, this corresponds to an
independent treatment of each potential curve in Fig. 1 or
to a large number of quasi-1D problems solved along ρ for
independent diabatic vibrational states. This seems to be a
significant simplification since many couplings between the
vibrational states are neglected. However, one should remem-
ber that the largest couplings in the problem are still retained,
since the diabatic states are employed (rather than adiabatic),
and those are connected by the largest overlaps Onmk l , by
construct.
We want to emphasize that the goal of this simplifying
assumption is not to come out with an approximate theory
that may give a reasonably accurate description of ozone
(although similar approximations are sometimes employed42).
Instead, this diabatic approximation is used to disable the
mechanism for the formation of Feshbach resonances, by
neglecting the vibrational couplings and making independent
the individual vibrational channels. In this case, the reac-
tion mechanism is artificially restricted to the formation of
shape resonances only, populated exclusively by tunneling
through the centrifugal barriers of the individual diabatic
vibrational curves in Fig. 1. In this way, the role of quan-
tum tunneling in the ozone formation process is elucidated,
and its contribution to the isotope effects is determined (at
the 2nd level of theory), separately from other competing
processes. The role of vibrational channel couplings, or Fes-
hbach resonances, is incorporated later (at the 3rd level of
theory).
C. Connection to the statistical approach
Equations (3)–(5) of the Introduction can also be simpli-
fied, if one follows the approximate treatment of scattering res-
onances outlined in Sec. II B. Importantly, this simplification
permits to define a quantum-dynamical analog of the statistical
partition function, which is convenient for the comparison of
the results obtained here with the results of a simplified treat-
ment of the process using a statistical approach (1st level of the-
ory).49 Namely, one can rewrite Eqs. (3)–(5) in the following
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form:
kA = kstabQAO+O2
∑
JΛ
(2J + 1)e−EA/kT ˜QAO∗3 , (10)
kB = kstabQBO+O2
∑
JΛ
(2J + 1)e−EB/kT ˜QBO∗3 , (11)
kS = kstabQAO+O2
∑
JΛ
(2J + 1)e−ES/kT ˜QSO∗3 , (12)
where for the metastable ozone states in each pathway A, B,
and S (represented by scattering resonances), we introduced
the dynamical partition function ˜QO∗3 and the activation energy
E needed to reach these metastable states, starting at the
asymptotic value of energy for each pathway. Namely, for the
pathways A and S, we set E = ε0, where ε

0 = ε0(ρ) is the
energy of the ground diabatic state at the position of centrifu-
gal barrier ρ. For a shallower channel of the pathway B, we
set E = ε0−∆ZPE, so the factor e−∆ZPE/kT in Eq. (4) cancels.
Summation over two parities p in Eqs. (3)–(5) is absorbed by
the partition function
˜QO∗3 =
∑
p
∑
k
e−(ε

k−ε0 )/kT
∑
i
e−δEi/kT w(Γi), (13)
where index k labels the diabatic vibrational channels, while
index i labels resonances within each channel. Note that ener-
gies Ei of shape resonances, computed at the 2nd level of
theory, can be measured relative to the barrier top εk = εk(ρ)
of each independent diabatic curve. So, for convenience, we
introduced δEi = Ei − εk , to represent the deviation of res-
onance energy from the top of its barrier, which can be both
negative (for under the barrier) and positive (for over the barrier
resonances).
The weight w introduced in Eq. (13) describes the impor-
tance of given resonance for the recombination process and
is determined by its decay rate coefficient Γi (the resonance
width),
w(Γi) =
Γi
Γi + (kstab + kdiss)[M] . (14)
In the limit Γi >> (kstab + kdiss)[M], we obtain a constant
limiting value w→ 1, which corresponds to broad resonances
and/or a low-pressure regime. In the opposite limit (which cor-
responds to narrow resonances and/or high-pressure regime),
we see that w→ 0 as a linear function of Γi. Thus, the narrower
(longer-lived) resonances contribute less to recombination at
a given pressure. If the diabatic approximation of Sec. II B is
employed, then resonance widths Γi are computed separately
for the pathways A, B, and S, simply because all vibrational
channels are made independent.
It is instructive to show that, under certain conditions,
formula (13) for the dynamic partition function ˜QO∗3 transforms
into a standard formula for the statistical partition function
introduced at the transition state.49 Namely, if one assumes that
there is only one resonance per diabatic channel (no summation
over i), its energy is exactly at the barrier top (δEi = 0), and
its width is large (w = 1), then
QTS =
∑
p
∑
k
e−(ε

k−ε0 )/kT
.
It appears that Eqs. (10)–(12) can also be employed in
the most rigorous coupled-channel calculations of Feshbach
resonances, with all couplings included, all vibrational chan-
nels coupled, and all the reaction pathways interacting (3rd
level of theory in the hierarchy). For this, each resonance of
the asymmetric ozone has to be included into both ˜QAO∗3 and
˜QBO∗3 but with different values of δEi = Ei − ε

0 (relative to
the transition state of each pathway) and with specific decay
rate coefficients ΓAi and Γ
B
i in the numerator of Eq. (14), deter-
mined by splitting the total decay rate coefficient Γi as it was
explained elsewhere.1 In this case, the resonance energies Ei
can only be measured relative to the barrier top of the ground
diabatic state ε0 in each pathway. Then, the analog of Eq. (13)
is
˜QO∗3 =
∑
p
∑
i
e−(Ei−ε

0 )/kT w(Γi)
=
∑
p
∑
i
e−δEi/kT w(Γi). (15)
As explained above, the definitions and the meanings of δEi
in Eqs. (13) and (15) are slightly different.
It should also be recognized that different resonances may
exhibit drastically different properties. In particular, very broad
resonances (scattering states) exhibit significant delocalization
of the wave function over the PES. For such states, only a small
part of the wave function is located within the covalent well.
It was shown in our earlier work43 that only the states local-
ized over the well can be efficiently stabilized. Cross sections
for the stabilization of states located outside of the covalent
well (such as van-der-Waals states) are negligibly small. Con-
sequently, for delocalized resonances, the rate coefficient for
stabilization kstab should be scaled down, taking into account
the probability of finding the system inside of the covalent well
region. To implement this feature, we compute this probability,
Pwell, using the wave function of each resonance and set the
stabilization rate coefficient as a product, kstabPwell. The value
of kstab is the same for all resonances, based on σstab = 154 a20
adopted from Ref. 18. The value of Pwelli is different for dif-
ferent resonances, so it is more convenient to absorb it by the
partition function. For example, instead of Eq. (15), we can
write
˜QO∗3 =
∑
p
∑
i
e−δEi/kT w(Γi)Pwelli . (16)
And the same for Eq. (13). We want to emphasize one
more time that this moiety is not a statistical partition
function, but rather is its dynamical analog. Besides the
standard statistical Boltzmann factor that depends on res-
onance energies Ei, this expression also includes infor-
mation about the formation/decay rates of resonances
(through Γi) and their stabilization probabilities (through
Pwelli ).
Careful convergence studies with respect to the extent of
the grid in ρ, the density of grid points, and the parameters
of the complex absorbing potential have been conducted and
reported in our earlier detailed work.24,39
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III. RESULTS AND DISCUSSION
A. Shape resonances
For the lower theory level of this paper (2nd, with dia-
batic vibrational channels treated independently), we carried
out calculations of resonances on a dense grid of rotational
excitation quantum numbers J and Λ, namely, 4 ≤ J ≤ 56
with a step of four and 0 ≤ Λ ≤ J with a step of two. The
dependence of the dynamical partition function ˜Q on the rota-
tional excitations is presented in Fig. 2 for the pathway B of
singly substituted ozone (and in the supplementary material
for all other cases, see Figs. S1 and S2). It should be men-
tioned that a simplified theoretical treatment of this process,
equivalent to the statistical description (to be reported else-
where49), predicts the same value of the partition function at
the transition state of both singly substituted and doubly sub-
stituted ozone, Q ∼ 2.8 at room temperature, which also is
insensitive to the rotational excitations J and Λ. In contrast to
that statistical behavior, we see from Fig. 2 and Figs. S1 and
S2 that the dynamical partition function ˜Q varies significantly
as a function of J and Λ. For example, several values of ˜Q
close to 4 can be found in Fig. 2 and Figs. S1 and S2, for
extreme values of rotational excitations J and Λ. The values
of ˜Q in the range 2-to-3 are more typical and can be found
along the “ridges” that dominate the landscape of Fig. 2 and
Figs. S1 and S2. However, for the majority of rotational exci-
tations, the value of ˜Q is less than 1. Consequently, this level
of theory leads to lower values of rate coefficients, relative to
the statistical description with the partition function computed
at the transition state.49 Recombination rate coefficients for
different reaction pathways, for singly and doubly substituted
ozone molecules, are collected in Table II.
The origin of pronounced “ridges” in Fig. 2 and Figs.
S1 and S2 is worth exploring. We found that each such ridge
corresponds to appearance, at energy near the top of the cen-
trifugal barrier, of a particular vibrational state lifted by the
rotational excitation. Indeed, shape resonances can be thought
of as bound vibrational states lifted by the centrifugal poten-
tial up, to energies above the dissociation threshold, where
they can be populated by tunneling through the centrifugal
FIG. 2. Dynamical partition function, as defined by Eq. (13), for the path-
way B of singly substituted ozone. The dependence on two quantum numbers
of rotational excitation J and Λ (plotted along horizontal and vertical axes,
respectively) is computed using the 2nd level of theory to determine the
contribution of shape resonances.
TABLE II. Recombination rate coefficients (third order, 1035 cm6/s) for
three different reaction pathways of two isotopomers of ozone computed at
different levels of theory.
Singly substituted O3 Doubly substituted O3
Theory level kA kB kS kA kB kS
1st 6.5 12 6.5 6.0 13 6.1
2nd 1.1 2.5 1.6 0.9 2.6 1.6
3rd 38 51 31 29 78 31
Experiment2 43 55 30 28 90 31
barrier. Since oxygen atoms are heavy, the tunneling is rel-
atively weak, and the process of population/decay becomes
efficient only when the resonance approaches the barrier top.
The necessary lift can be achieved by various combinations
of J and Λ values. For example, we took a close look at six
different (J, Λ)-pairs along the major ridge in Fig. 2: (J, Λ)
= (28, 22), (32, 20), (36, 18), (40, 16), (44, 14), and (48, 12).
For each case, we identified a resonance that makes dominant
contribution (typically, there is only one such resonance) and
plotted its wave function along the hyper-radial coordinate ρ,
in Fig. 3. From this figure, we see that their vibrational wave
functions are almost identical, despite the fact that their rota-
tional excitations are very different. They all correspond to
10 quanta of vibrational excitation along the hyperradius ρ,
within the region of the covalent well on the PES of ozone
(ρ < 5 a0).
Further analysis showed that the other ridge, in the upper
right corner of Fig. 2, corresponds to the vibrational state with
9 quanta of excitation along ρ. These two pronounced ridges,
and the corresponding vibrational states with 9 and 10 quanta
of excitation, were determined to be associated with the ground
diabatic channel of the system (labeled above by ε0). The third
less visible ridge in Fig. 2 was found to be associated with
the first excited diabatic channel (ε1) and be described by the
vibrational state with 9 excitation quanta. Upper diabatic chan-
nels (ε2 and higher) were found to contribute much less to the
magnitude of ˜Q, at this level of theory.
FIG. 3. Wave functions of dominant shape resonances for six different values
of rotational excitation chosen along the “ridge” in Fig. 2 (see text). All wave
functions indicate ten quanta of vibrational excitation along ρ and overlap
nearly perfectly in the region over the covalent well, ρ < 5 a0.
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This behavior appears to be typical for all pathways
(A, B, and S) of both isotopomers (singly and doubly sub-
stituted) as illustrated by six frames of Figs. S1 and S2. In all
cases, we found that the right-most ridge is due to the vibra-
tional state with 8 or 9 excitation quanta in the ground diabatic
channel. The central ridge is due to 9 to 10 excitation quanta in
the ground diabatic channel. The left-most ridge is due to 7 to 9
excitation quanta in the first excited diabatic channel. Our con-
clusion is that only a small number of vibrational states (three
to four per reaction pathway) dominate the formation of shape
resonances in ozone. Other vibrational states are also present
and are included in our calculations, but their contributions are
much smaller due to either deep submersion under the centrifu-
gal barrier (that results in small resonance width Γi) or due to
the delocalization of the wave function at energies well above
the barrier (that results in small probability in the covalent well
Pwelli ). Both cases lead to negligible contribution to the recom-
bination process. We found that it is sufficient to consider only
shape resonance within the range −200 < δE < +300 cm−1
from each centrifugal barrier. Properties of these resonances,
such as the distribution of their lifetimes, were reported
elsewhere.1
As for isotopic dependencies, we found that this level of
theory (2nd level, shape resonances) does not produce any
isotope effect that would look like experiment. In particu-
lar, the values of ζ for singly and doubly substituted iso-
topomers are 0.87 and 1.39, which means that they deviate
from 1.0 in opposite directions, in contrast to experimen-
tal data (see Table I). Moreover, the value of η is 0.73 for
both singly and doubly substituted isotopomers, which is
less than 1.0 and, again, is opposite to the experiment (see
Table I). Based on these data, we conclude that shape reso-
nances are not responsible for the isotope effects seen in the
experiment.
Just to note that these values of ζ and η, and all other
data reported in Tables I–III, were obtained by excluding from
analysis the states with unphysically large values of Γi (exceed-
ing the vibration frequency along ρ at a given energy). We
found that wave functions of such states are located outside
of the covalent well, between the centrifugal barrier and the
CAP. They are artifacts of the method, occurring due to the
employment of a finite grid and irrelevant to the recombi-
nation process. We also excluded the states with negligible
probability in the covalent well (Pwelli < 0.01) to avoid delo-
calized states at high energies that may not be converged.
Their influence on isotope effects was checked and found to be
insignificant.
B. Feshbach resonances
At the highest theory level (3rd, with vibrational couplings
included), we carried out the calculations of Feshbach reso-
nances in the same range of quantum numbers J and Λ and
with same increments as in Sec. III A. However, in order to
ease calculations, we limited the window of resonance ener-
gies by 800 cm−1 above dissociation threshold. This value,
equal to 4kT at room temperature, is well sufficient for the
calculation of thermal recombination rate coefficients. The
dependence of the dynamic partition function ˜Q on rotational
excitations J and Λ is presented in Fig. 4 for the pathway B
FIG. 4. Dynamical partition function, as defined by Eq. (15), for the pathway
B of singly substituted ozone computed using the 3rd level of theory to deter-
mine the effect of Feshbach resonances. This dependence can be compared
with the contribution of shape-resonances presented in Fig. 2.
of singly substituted ozone (and in the supplementary material
for all other cases; see Figs. S5 and S6). In these pictures, all
dependencies are smooth, with no sharp maxima or any pro-
nounced ridges. For low rotational excitations, the values of
˜Q are somewhat smaller (see Fig. 4). We found that in those
cases, the top of the centrifugal barrier of the ground channel
ε0 is slightly submerged under the asymptote, which leads to
the mixing of vibrational states of the main (covalent) well of
ozone with weakly bound states of the van der Waals complex
O · · ·O2.11 The stabilization probability of such highly delo-
calized states is assumed to be smaller (as determined here
by Pwelli ) which results in smaller values of ˜Q. For extreme
rotational excitations, in the upper right corner of Fig. 4,
the decrease of ˜Q to basically zero is due to the window of
800 cm−1 enforced in these calculations (in order to make
calculations manageable). At these large values of J and Λ,
the height of the centrifugal barrier is above 800 cm−1, which
anyway shuts off the recombination reaction due to the Boltz-
mann factor in Eqs. (9)–(11). Thus, no calculations were done
there.
The smooth behavior of ˜Q(J ,Λ) is quite different from
non-regular behavior dominated by “ridges” reported in Fig. 2
(due to the shape-resonances). The reason for this difference
is that Feshbach resonances occur more frequently in the spec-
trum and not just in the proximity of the centrifugal barrier top
but also through a wider range of energies above the barrier.
It appears that for every rotational state (J ,Λ), there are many
resonances contributing to the recombination process. Typical
values of ˜Q, summed over two parities, are on the order of
10-to-15 and approach 20 for some rotational states. This is
higher than the contribution of shape resonances and is even
higher than predicted by statistical description at the 1st level
of theory, where a constant value Q ∼ 2.8 was obtained.49
These data demonstrate the dominant role of Feshbach-type
resonances (over shape-type resonances and over statistical
description) in the process of ozone formation. In particu-
lar, the contribution of Feshbach resonances exceeds that of
“shape” resonances by at least an order of magnitude, which
makes sense for ozone, where all atoms are heavy and the tun-
neling is weak. On a qualitative level, this conclusion is very
likely to hold in any coordinate system chosen to represent the
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vibrational channels and describe quantum tunneling through
the centrifugal barrier.
The values of recombination rate coefficients at this level
of theory (for different reaction pathways kA, kB, and kS
of singly and doubly substituted ozone molecules) are all
included in Table II. We see that their absolute values over-
shoot predictions of theory levels 1st and 2nd, roughly, by
factors of ×6 and ×20, respectively, which follows the trend of
partition function values for three theory levels, as discussed
above. Predictions of the 3rd (our best) theory level come rather
close to the results of experiments.
Just to note that, computing the absolute values of thermal
rate coefficients, we excluded from consideration all antisym-
metric vibrational states (symmetry B1) for rotational exci-
tations with Λ = 0 (for all J values) since in those cases
only rotational states of even parity are possible and they
would combine with symmetric vibrational states only (sym-
metry A1).49 This modification had some effect on the abso-
lute values of rate coefficients, decreasing them by ∼6%, but
had no any appreciable influence on the isotopic effects (see
below).
For completeness, we also computed dependencies of
rate coefficients on rotational excitation: kA(J ,Λ), kB(J ,Λ),
and kS(J ,Λ), which correspond to different terms in the sum-
mations of Eqs. (9)–(11), respectively. These extensive data
computed for singly and doubly substituted ozone molecules at
2nd and 3rd levels of theory are included in Figs. S3 and S4 and
Figs. S7 and S8 of the supplementary material, respectively.
One can see that the largest contributions of Feshbach reso-
nances into the recombination process occur near 12 ≤ J ≤ 40
and 0 ≤ Λ ≤ 12, consistent with our earlier results16 for unsub-
stituted 16O16O16O. Our present calculations cover this range
of rotational excitations even better.
In Fig. 5, we go even further into detail and plot the con-
tribution of each individual resonance into the recombination
FIG. 5. Contributions of individual resonances into recombination rate coef-
ficients for singly substituted ozone. Green, red, and blue colors correspond to
kA, kB, and kS , respectively (three recombination pathways). These data were
computed at the 3rd level of theory, which enables Feshbach resonances. For
clarity, only important states are included, with Pwell > 0.05.
process, for the case of singly substituted ozone (the case
of doubly substituted ozone looks similar). Pathways A, B,
and S are color-coded in Fig. 5, as before. We see that Fesh-
bach resonances at energies −150 < δE < +800 cm−1 make
substantial contributions to the recombination process. This
range of resonance energies is broader than the range of shape
resonances (see above) because Feshbach resonances are pop-
ulated by couplings between vibrational channels, rather than
by tunneling through the barrier. Note, however, that in this
figure, energy is reported relative to the barrier top of the
lowest vibrational channel, ε0 (in each pathway), that can
even be slightly submerged at lower rotational excitations.
As for the widths of Feshbach resonances, we found that
widths in the range 5 × 10−4 < Γ < 30 cm−1 appear to
be most important for the recombination process, very sim-
ilar to shape-resonances. Majority of these resonances are
rather narrow and well separated (non-overlapping), so the
assumption of independent resonance states is justified for
the kinetics of ozone formation. Additional discussion of
resonance properties, such as the dependence of their life-
times on other physical variables in the problem, was reported
elsewhere.1
C. Isotope effects
For the description of the isotopic ζ-effect in asymmetric
ozone molecules, the difference of resonance decay rates into
pathways A and B is fundamentally important. The values of
ΓAi and Γ
B
i are expected to be sensitive to small differences of
channel depths, due to the zero-point energy change, partic-
ularly at lower energies. This hypothesis was first formulated
by the experimental group of Mauersberger2 and was also
briefly discussed by Marcus.10 First accurate variational cal-
culations of this effect were done by Babikov et al. using the
lifetime matrix approach,13–15 but only for J = 0. For J > 0,
Grebenshchikov and Schinke16 derived the properties of scat-
tering resonances from the time-dependent wave packet sim-
ulation. In order to estimate the partition of resonance width
onto ΓAi and Γ
B
i , they employed 1st order perturbation theory,
which gave isotope effects in very good agreement with the
experiments. Then, Ivanov and Babikov found a rigorous way
to split the resonance width onto ΓAi and Γ
B
i and applied it to the
dimensionally reduced model of ozone,44 also at J > 0. Here
we, finally, report the results of extensive full-dimensional
calculations of this effect in a broad range of rotational
excitations.
It should be realized that a purely vibrational zero-point
energy change, ∆ZPE, is directly relevant for J = 0 only. For
rotationally excited cases, it is better to focus on the energy
difference between the tops of the centrifugal barriers in two
pathways, A and B (see Fig. 10 in Ref. 14), determined here
as ε0B − ε0A = ∆ZPE + EB − EA. When rotational excita-
tion increases, the centrifugal barrier in the pathway A grows
faster than in the pathway B, making EB − EA negative and
squeezing the effective ∆ZPE range.14 Therefore, in Fig. 6,
we plot a reduced difference of the pathway-specific decay
rate coefficients
˜Γ = (ΓAi − ΓBi )/(ΓAi + ΓBi )
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FIG. 6. Demonstration of the fundamental origin of the isotopic ζ -effect.
Definitions of ˜Γ (reduced difference of the pathway-specific decay rate coef-
ficients) and ˜E (scaled resonance energy) are given in the text. Both are
unit-less moieties. Each point of the scatter represents one Feshbach reso-
nance. Properties of all resonances are different, but the asymmetry of the
scatter at lower energies is evident, which indicates the tendency of reso-
nances to decay into the deeper channel. At higher resonance energy, this
phenomenon disappears. Upper and lower frames correspond to singly and
doubly substituted ozone. For clarity, only important states are included, with
Pwell > 0.05.
versus the scaled energy of the resonance
˜E = (Ei − ε0A)/(ε0B − ε0A).
Both moieties are unit-less. Note that ˜Γ → +1 corresponds to
preferential decay into channel A, while ˜Γ → −1 corresponds
to preferential decay into channel B. The value of ˜Γ ∼ 0 corre-
sponds to nearly equal decay rates and no isotope effect. The
values of energy 0 ≤ ˜E ≤ 1 correspond to resonances within
the rotationally excited analog of the ∆ZPE range. Negative
˜E corresponds to tunneling. Large positive values of ˜E cor-
respond to high energy resonances, passing over centrifugal
barriers. Figure 6 indicates that different resonances exhibit
different properties. Some of them tend to decay more into
pathway A, and others more into pathway B. However, at small
energies, mostly in the range −10 ≤ ˜E ≤ +5, we find many
more resonances that decay preferentially into the deeper chan-
nel, that of pathway A. At higher resonance energies ˜E > +10,
this effect disappears, and the distribution of points along ˜Γ
becomes almost symmetric. In the lower frame of Fig. 6, which
corresponds to doubly substituted ozone, the channels A and B
are swapped in the definitions of ˜Γ and ˜E, to reflect the fact that
channel B is deeper in the doubly substituted molecule (Kex
= 0.489 for singly substituted ozone, Kex = 1.961 for doubly
substituted ozone).
Differences of the pathway-specific formation/decay rate
coefficients for asymmetric ozone molecules (resonance
widths ΓAi and Γ
B
i ) translate into resonance weights of
Eq. (14), then into dynamical partition functions ˜QAO∗3 and
˜QBO∗3
of Eqs. (15) and (16), and finally into the rate coefficients
kA and kB of Eqs. (10) and (11). At the end, the ratio of kA
and kB produces the ζ-effect according to Eq. (1). To gain
more insight into this, we also inspected how the value of
the ratio ˜QAO∗3/
˜QBO∗3 for singly substituted ozone, and
˜QBO∗3/
˜QAO∗3
for doubly substituted ozone, changes as a function of rota-
tional excitation (J ,Λ). We found that these ratios correlate
rather well with the value of the local ζ-effect (i.e., the iso-
tope effect determined for one rotational excitation J and Λ,
rather than the overall ζ-effect summed over the thermal dis-
tribution of rotational excitations). We found that these local
values of ζ(J ,Λ) depend on rotational excitations and vary
from almost ζ ∼ 3 found near J = 16 and Λ = 16, down to
ζ ∼ 1 observed near J = 40 and Λ = 0. The dependence is
not monotonic. The most important contributions to the over-
all ζ-effect come from moderate rotational excitations around
J ≈ 18 to 20 and Λ ≈ 6 to 8. When summed over rotational
excitations, the resultant isotope effects are ζ = 1.49 and
ζ = 1.38 for singly and doubly substituted isotopomers,
respectively, in reasonable agreement with experimental data
(see Table I).
In the past, the origin of this effect, named as the ∆ZPE-
effect, has been tentatively attributed to slight exothermic-
ity/endothermicity of the isotope exchange reaction (e.g., 16O
+ 16O18O ↔ 16O16O + 18O) due to the vibrational zero-
point energy change. Here, first of all, we prefer to dis-
tance ourselves from this term because a purely vibrational
∆ZPE is appropriate for J = 0 only. Instead, we introduce the
ζ-effect that takes rotational excitation into account, by def-
inition in Eq. (1). Next, using the hierarchy of theory levels,
we explore several possible sources of the ζ-effect, separately.
Using the 1st theory level, we showed49 that slight exothermic-
ity/endothermicity between the pathways A and B, by itself,
is insufficient to explain the experiment (see Table I). It gave
only ζ = 1.13 versus ζexp ∼ 1.5 in the experiment. Now, at the
3rd theory level, we demonstrate that the sensitivity of widths
of Feshbach resonances to vibrational and rotational energy
differences in two formation pathways A and B provides the
remaining and, in fact, major contribution to the ζ-effect. On a
qualitative level, our interpretation of this effect is very similar
to that of Grebenshchikov and Schinke.
The remaining small discrepancy is, most probably, due
to the over-simplified treatment of the stabilization step used
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in this work. Since we are assuming the same value of the
stabilization cross section for all resonances, the contribu-
tions of higher energy resonances are somewhat overesti-
mated. It would be more reasonable to assume that the scat-
tering resonances at higher energies have smaller values of
stabilization cross sections, for example, as determined by
single-exponential or double-exponential formulae or other
similar models of the ro-vibrational energy transfer.6,18,45
Since the ζ-effect is larger for the low energy resonances
and disappears at higher energies (see Fig. 6), the employ-
ment of a realistic model for energy transfer would lead
to some increase of the ζ-effect, in agreement with experi-
ment. In the future, we plan on exploring this issue in more
detail.
For the description of the isotopic η-effect, fundamentally
important is the difference of resonance widths for symmet-
ric ozone molecules (decay rate coefficients for pathway S,
given by ΓSi = 1/2Γi) and resonance widths for asymmet-
ric ozone molecules ΓAi and Γ
B
i (pathways A and B, where
ΓAi + Γ
B
i = Γi). These are expected to be somehow sensitive
to symmetry vs. asymmetry of the formation/decay process
(besides the factor of½ introduced at the 0th level of theory49).
Some hints of this effect have been reported in the past in an
approximate study using the dimensionally reduced model of
the ozone molecule.44 Here we present, for the first time, the
results of extensive and accurate calculations that shed more
light onto this phenomenon. In Fig. 7, we compare the values
of ΓAi , Γ
B
i , and Γ
S
i for all Feshbach resonances computed for
singly and doubly substituted isotopomers of ozone. In order
to obtain a meaningful “raster” image of the data, we used
the value of Pwell as abscissa for this plot, simply because we
found that the values of resonance widths correlate well with
their probabilities in the well. This picture demonstrates that
the values of ΓAi and Γ
B
i for asymmetric ozone molecules vary
in a rather broad range, which is also consistent with Fig. 6.
Indeed, different resonances of asymmetric ozone molecules
behave differently. Some of them decay mostly into the path-
way A and for those states ΓAi  ΓBi and ΓAi ≈ Γi, and others
decay more into pathway B and for those states just opposite
is true: ΓAi  ΓBi and ΓBi ≈ Γi. Overall, both large and small
values of ΓAi and Γ
B
i are found in the distribution. In contrast
to this behavior, resonances of symmetric ozone molecules
must decay equally into two equivalent decay channels of
the pathway S (see the reaction formula in the Introduction).
So, we will always find ΓSi = 1/2Γi for symmetric molecules.
Figure 7 reflects this, indicating much narrower distribution
of blue points along the vertical axis (pathway S) compared
to the distributions of red and green points (pathways A
and B).
These differences between resonance widths of symmetric
and asymmetric molecules, again, translate into the resonance
weights of Eq. (14), the dynamical partition functions ˜QAO∗3 ,
˜QBO∗3 , and
˜QSO∗3 of Eqs. (15) and (16), and finally into the rate
coefficients kA, kB, and kS of Eqs. (10)–(12). At the very end,
their ratio produces the η-effect, according to Eq. (2). We care-
fully examined how the rotational excitation, determined by J
andΛ, influences the value of the local isotope effect, η(J ,Λ).
We found that in the singly substituted ozone, this isotope
FIG. 7. Demonstration of the possible origin of the isotopic η-effect. The
values of resonance widths Γi (decay rate coefficients) correlate rather well
with Pwell. Each point of the scatter represents one Feshbach resonance. Green
and red colors correspond to ΓAi and Γ
B
i for an asymmetric ozone isotopologue.
The blue color gives Γi/2 for a symmetric ozone isotopologue (rate coefficient
of decay per channel, or ΓSi ). Upper and lower frames correspond to singly and
doubly substituted ozone. One can see that the values of ΓSi are represented
by a more compact scatter, while ΓAi and Γ
B
i exhibit a much broader spread of
values.
effect progressively increases from η ∼ 0.9 near J = 16 and
Λ = 16 up to η ∼ 1.15 near J = 40 and Λ = 0. In doubly sub-
stituted ozone, the dependence is almost opposite: the isotope
effect progressively decreases from η ∼ 1.4 near J = 16 and
Λ = 16 down to η ∼ 1.04 near J = 40 and Λ = 0. We found
that these changes are rather monotonic but are not identical.
When summed over rotational excitations, the resultant iso-
tope effects are η = 1.03 and η = 1.12 for singly and doubly
substituted isotopomers, respectively.
These numbers have to be gaged vs. results of the 1st the-
ory level, where the effect of mass was taken into account in a
statistical rather than dynamical fashion. There, at the 1st the-
ory level, we had η = 0.95 and η = 1.04 for singly and doubly
substituted isotopomers, respectively (see Table I). We see that
the inclusion of widths of Feshbach resonances leads to very
similar increases of η values, by +0.080 for both singly and
doubly substituted isotopomers. These similar changes make
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sense since resonance widths in Figs. 6 and 7 behave very
similar for singly and doubly substituted isotopomers. So their
effect is expected to be similar too. Comparison with exper-
imental data in Table I indicates that the effect of resonance
width, 3rd level theory, pushes theoretical predictions of the
η-effect in the right direction.
D. The sensitivity studies
In this subsection, in order to strengthen our understand-
ing of the influence of resonance properties onto recombina-
tion kinetics and on the anomalous isotope effects and in order
to roughly estimate the effect of those theory elements that are
outside of the scope of this work, we conducted a series of rel-
atively simple but quite insightful computational experiments.
In these experiments, we intentionally modified the properties
of resonances (computed at the 3rd level of theory, with Fesh-
bach resonances enabled) in order to check the effect of each
property or feature, individually. Results are summarized in
Table III below and can be compared to those in Table I.
Experiment (i): Instead of using the accurately computed
values of ΓAi and Γ
B
i for resonances in asymmetric ozone
molecules, we set them equal to each other and to one half
of the total resonance width: ΓAi = Γ
B
i =
1
2Γi. With this ansatz,
we recomputed the values of recombination rate coefficients
and determined the resultant ζ-effect and η-effect. Results are
presented in the first row of Table III. We see that the values of
the η-effect remained basically unaffected by this modification
(decreased by 1% only). However, the large ζ-effect disap-
peared almost completely (only 3% remains, out of almost
50%). This demonstrates very clearly that the ζ-effect is driven
mostly by an unequal splitting of resonance width Γi for asym-
metric ozone molecules onto the pathway-specific widths ΓAi
and ΓBi .
Experiment (ii): Instead of computing the weights of res-
onances accurately, using Eq. (13), we set wi = 1 for all
resonances of symmetric ozone molecules (pathway S). For the
resonances of asymmetric ozone molecules (participating in
the pathways A and B), the total weight is also set to wi = 1, but
it is split between the pathways A and B proportionally to the
values of ΓAi and Γ
B
i . Results obtained with this assumption are
presented in the second row of Table III. We see that the values
of the η-effect, again, did not change much (decreased by few
percent). However, the ζ-effect has substantially increased,
reaching the range of experimental values. Technically, this
modification was achieved by setting [M] = 0 in Eq. (13), but
TABLE III. Two isotope effects in singly and doubly substituted ozone
molecules, computed at the 3rd level of theory with several minor modifi-
cations, as outlined in the description of three computational experiments in
the text.
Computational experiment ζ -Effect η-Effect
No Model/meaning Single Double Single Double
i ΓAi = Γ
B
i =
1
2 Γi 1.03 1.02 1.02 1.11
ii wi = 1, or [M] = 0 1.72 1.55 1.00 1.08
iii Van der Waals states (estimate) 1.43 1.29 0.97 1.12
iv Geometric phase (estimate) 1.62 1.27 0.99 1.06
v Channel interference (estimate) 1.55 1.31 0.95 0.97
the goal was not to explore the low-pressure limit per se. Our
purpose in this experiment was to make narrower resonances as
important for the recombination process as broader resonances
are. (Extremely narrow resonances with Γi < 10−5 cm−1, that
make negligible contributions to the recombination process
under normal conditions, were completely removed from con-
sideration). Indeed, narrower resonances are found at lower
energies where the ζ-effect is more significant (see Fig. 6),
but their weights are smaller due to small values of Γi. So,
the artificial lift of their weights leads to the increase of the
ζ-effect.
Experiment (iii): Instead of neglecting the delocalized van
der Waals states completely, here we try to take into account the
contributions of some of them. Namely, for lower rotational
excitations, when the top of the centrifugal barrier is below
dissociation threshold, we will assume that the van der Waals
states can be quenched into the stable ozone molecules in the
main (covalent) well as efficiently as the localized resonances.
For higher rotational excitations, with the centrifugal barrier
sticking above the asymptote, we will still say that the stabi-
lization of van der Waals states is inefficient. This modification
increases the absolute values of recombination rate coefficients
substantially (doubles them, roughly). The resultant isotope
effects are presented in the third row of Table III. Compari-
son with results of the 3rd theory level (Table I) indicates that
the inclusion of the van der Waals States is very unlikely to
improve comparison with experiment. The values of the ζ-
effect and η-effect are both slightly reduced, but differently
for the singly and doubly substituted ozone molecules.
Experiment (iv): In this test, we are going to estimate
a possible effect of the geometric phase on the pathway B
by removing the contributions of symmetric vibrational states
[A1, indicated by solid curves in Fig. 1(b)] and doubling the
contributions of antisymmetric vibrational states [B1, indi-
cated by dashed curves in Fig. 1(b)]. The reason for doing
this is that solid curves in Fig. 1(b) correlate asymptotically
with even rotational states of homo-nuclear O2 that are for-
bidden by symmetry.13,26 Only pathway B is affected by this
modification. There is no simple way of taking this effect into
account in the electronically adiabatic single-surface calcula-
tions23,46 because the electronic state symmetry of the PES
changes from being symmetric over the covalent well to being
antisymmetric in the dissociation asymptote. What we pro-
pose here is just an estimate, based on the data we have at
hand. Results are given in the fourth row of Table III. Relative
to the unaltered results of the 3rd theory level (see Table I), the
ζ-effect changes in the opposite directions for singly and dou-
bly substituted molecules: increases by 13% and decreases by
11%, respectively. This appreciable change is understood since
the vibrational symmetry A1 (removed in this experiment) is
the only contributor in the cases of rotations withΛ = 0 (any J
values). This reduces the value of kB, which in turn increases
the ζ-effect in the case of singly substituted ozone where the
channel of pathway B is shallower, but at the same time,
decreases the ζ-effect in the case of doubly substituted ozone
where the channel of pathway B is deeper. By contrast, the
η-effect is decreased in both cases, by close to 5%. Thus, no
source of the large isotopic η-effect is likely to be related to
the geometric phase.
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Experiment (v): Here, for the pathways A and S only,
we will neglect the contributions of antisymmetric vibrational
states (B1) and simultaneously double the contributions of
symmetric vibrational states (A1), in order to determine the
effect of vibrational symmetry. The reason for trying this is
that the pathways A and S connect towards two physically
equivalent (indistinguishable) formation/decay channels and
the corresponding fluxes interfere in the interaction region.
This interference occurs differently in the cases of symmet-
ric and anti-symmetric vibrational states. It was argued in the
past47 that such interferences may be a source of the η-effect.
Results are presented in the last row of Table III. We see that the
ζ-effect changes in opposite directions for singly and doubly
substituted ozone molecules, similar to the previous exper-
iment and, basically, for the same reason. Interestingly, the
η-effect is decreased quite substantially in both molecules,
opposite to experimental data.
IV. CONCLUSIONS
In this paper, as expansion of simpler statistical theory
developed earlier and reported elsewhere,49 we developed and
implemented two advanced levels of theory for the descrip-
tion of the anomalously large isotope effects known to occur
in the recombination reaction that forms ozone. These isotope
effects (most notably the ζ-effect and η-effect) are responsi-
ble for the mass-independent fractionation of oxygen isotopes
in the atmosphere of Earth, which has a significant applied
importance in atmospheric chemistry, geochemistry, and astro-
chemistry. The fundamental understanding of the molecular
level origin of these effects is a long-standing problem in phys-
ical chemistry, too. The two levels of theory developed here
help to understand the role of tunneling, or “shape” resonances
and, separately the role of vibrational channel couplings, or
Feshbach resonances in the ozone molecule.
Pure shape resonances (with vibrational couplings dis-
abled) are found to contribute little to the overall recombination
process since they have to be populated by tunneling and occur
rather unfrequently in the spectrum, in the vicinity of the top
of centrifugal barrier only. The resultant isotope effects are
found to be somewhat accidental and, importantly, they do
not look like experimental data for singly and doubly substi-
tuted ozone molecules. In particular, at this level of theory,
the value of the η-effect is 0.73 for both singly and doubly
substituted molecules, which is in the wrong direction com-
pared to the experiment, where the value of ηexp = 1.16 is
observed. This source of anomalous isotope effect can be ruled
out.
When the vibrational couplings are included and the
mechanism of Feshbach resonances is enabled, the rate coef-
ficients of the process increase dramatically. Feshbach-type
resonances are found to occur in a much broader range of
spectrum, and their density of states is much higher. Properties
of Feshbach resonances relevant to the isotopic ζ-effect and
η-effect are studied in detail. At this level of theory, the iso-
topic ζ-effect is reproduced rather well: ζ = 1.49 and 1.38 for
singly and doubly substituted molecules, respectively, which is
reasonably close to the experimental values of ζ exp = 1.55 and
1.63. Further computational experiments showed that if the
weights of narrower resonances are increased, then ζ-effects
can reach 1.72 and 1.55, which is in the range of experi-
mental data. Incorporation of the more sophisticated model
for ro-vibrational energy transfer (instead of strong collision
assumption employed here) may have a similar effect on ζ-
values. This question will be explored in the near future but,
overall, ζ-effects seem to be well understood at this point. Its
origin is in unequal splitting of resonance formation/decay
rates, determined by resonance widths, for two competing
reaction pathways A and B.
The isotopic η-effect is a harder puzzle. A statistical
description of the process presented elsewhere49 indicates η =
0.95 and 1.04 that deviate from the value of 1.00 in opposite
directions for singly and doubly substituted ozone molecules,
in contrast to the experimental data where ηexp = 1.16 was
observed for both molecules. In this paper, the inclusion of
Feshbach resonances increases the values of η for both singly
and doubly substituted molecules rather consistently, by +0.08,
which pushes theoretical prediction in the right direction. This
finding is explained by a slightly different partition of the
decay rates of the resonances in symmetric and asymmetric
ozone molecules. In symmetric ozone molecules, all reso-
nances decay equally into two equivalent dissociation channels
of the pathway S, while in asymmetric ozone molecules, some
resonances decay more efficiently into the pathway A and very
little into the pathway B, while other resonances do just the
opposite.
This phenomenon, however, is not large enough to match
experimental observations. The values predicted by our best
theory level at this point are η = 1.03 and 1.12 for singly
and doubly substituted ozone molecules. This indicates that
there should be some other additional source of the isotopic
η-effect, either in the ozone molecule itself or in the process of
resonance stabilization by bath gas collisions. Moreover, our
data indicate that this (still mysterious) source should favor
the singly substituted lighter ozone molecules over the doubly
substituted heavier ozone molecules, in order to compensate
for the difference observed between them at the current level
of theory. Additional computational experiments reported in
Table III showed that our predicted η-effect is rather stable,
insensitive to any “knobs” we have tried to turn so far. Thus,
the search for the additional source of the isotopic η-effect will
continue.
One of the possible improvements of the present theory
would be to include the Coriolis coupling term, together with
the asymmetric-top rotor term (both neglected here), in the
kinetic energy operator. These rotation-vibration couplings are
responsible for the superposition of the vibrational states with
different values of Λ, within each J value. Such development
could be viewed as the next theory level, but one should be
aware of a dramatic increase of the computational cost. The
resultant Hamiltonian matrix is expected to be larger, by a fac-
tor of roughly ×10, with associated numerical diagonalization
effort increasing by a factor of roughly×100. Such calculations
are not affordable at this point.
It should also be noted that some discrepancies of the
theoretical treatment proposed here with experimental results
may be due to the assumption of the Lindemann mechanism
for the recombination reaction. There are indications that the
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so-called “chaperon” mechanism may also be responsible for
at least a part of the ozone formation rate.20,39,48 The quantum
mechanical description of scattering resonances in the chap-
eron mechanism, formed by the weakly bound complexes such
as OM∗ and O2M∗, where M is an atom or molecule of the bath
gas (N2, Ar, etc.), should also be done at some point for a truly
complete picture of the process.
SUPPLEMENTARY MATERIAL
See supplementary material for the computed dependen-
cies of dynamical partition functions ˜QA, ˜QB, and ˜QS and
recombination rate coefficients kA, kB, and kS , on rotational
excitation J and Λ, computed using 2nd and 3rd theory levels
for singly and doubly substituted ozone molecules.
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